A general design for high-bandwidth, single-mode, lossless, optical micro-circuitry with fully three-dimensional circuit paths is demonstrated. Our 3D circuit design consists of dense stacking several planar microchip layers into the 2D-3D photonic band gap heterostructures and linking them with vertical interconnects. The 3D microchip enables an extra "dimension" of up to 200 nanometer single-mode wave-guiding in each planar chip layer and 100 nanometer bandwidth chip-to-chip interconnects in a variety of 3D PBG materials, including woodpile, slanted pores, and square spiral 3D PBG materials. 
Introduction
A central goal of the fields of nano-electronics, plasmonics, and photonics is dense integration of information-processing components into a small volume. Inherently, electronic microchips operate on a single-channel flow of information and the device components are placed within a planar circuit board. Heat dissipation, cross-talk between circuit elements, and manufacturing cost are critical issues in the effort to reduce the size of electronic circuits toward the nanometer scale. In contrast, a photonic micro-chip offers simultaneous optical information flow through hundreds of wavelength channels without problems of cross-talk or heat dissipation. The main difficulty in conventional optical integrated circuitry is the inability to confine light within the optical circuit paths due to diffraction, scattering, and radiation losses. In general, this precludes the possibility of miniaturization of optical circuits to the sub-wavelength scales. In this paper, we present a robust and general solution to these fundamental problems using the principle of light localization in a photonic band gap (PBG) microchip.
Light localization [1, 2] is a fundamental optical phenomenon arising from strong resonant scattering and interference effects [3] . Photonic band gap (PBG) materials, a special class of photonic crystals (PC) [2, 4, 5] , are artificial periodic dielectrics modulated on the scale of optical wavelengths. When a complete PBG exists, carefully engineered deviations from periodicity cause electromagnetic waves to interfere destructively in all but desired locations and directions, yielding localization or confinement of light into designed micro-cavities or waveguides. Light localization provides more robust confinement than the conventional refractive-index (total internal reflection) confinement. Most remarkably, the localization mechanism enables confinement of light in a low-index medium such as air. PBG materials provide a platform for optical microcircuits where a variety of optical components [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] including optical cavities, air-waveguides and waveguide bends, wavelength multiplexors, and optical switches, can be integrated on the wavelength scale, without diffraction losses. Recently, we have demonstrated a general design of fully three-dimensional integrated optics with singlemode air-waveguide circuit paths traversing the volume of a 3D optical microchip [17] . The design is a generalization of the two-and three-dimensional (2D-3D) PBG heterostructures, which provide a robust platform to intercalate a number of high-bandwidth planar 2D photonic crystal micro-circuit layers into a variety of 3D PBG materials [18, 19] . The 3D circuit design rules can be applied to provide high-bandwidth, lossless, optical links between planar micro-chips in various 3D PBG materials. The 3D microchip enables up to 200 nm single-mode waveguiding in each planar chip layer and 100 nm bandwidth chip-to-chip interconnects (for the center wavelength of 1.5 μm). This extra "dimension" of wavelength bandwidth allows a single circuit to simultaneously process hundreds of wavelength channels of information flow. The "3+1 dimensional" (3+1D) all-optical microchip enables an unprecedented speed and density of information flow and is broadly achievable in 3D PBG materials, regardless of architecture. In this paper, we illustrate these results with design rules and finite-difference time-domain (FDTD) simulation of light flow in three different 3D PBG architectures, namely, woodpile [20] , slanted pore [21, 22, 23] , and square spiral [24, 25] 3D PBG architectures. Figure 1 (a) shows a perspective view of our 3+1D micro-circuit. The paper is organized as follows. In Section 2, we briefly describe computational methods used in this paper. We begin consideration of the vertical waveguides that act as interconnects between two adjacent planar micro-circuit layers in Section 3. In particular, we show that a high-bandwidth, singlemode, air-waveguide in the vertical direction can be obtained by removing parts of dielectric, centered at the position where the field intensity peaks for certain photonic modes. In Section 4, the design of the 3+1D micro-circuit is described. A vertical 'U-turn' circuit path is formed by placing a vertical waveguide at the end of two in-plane waveguides of the adjacent planar microchip layers. 
Computational methods
Two different numerical methods are used to investigate the properties of photonic crystal heterostructures. We employ the plane-wave (PW) expansion method [26] to obtain the band structures of the 3D PBG cladding layers. We use a supercell technique to calculate the band structures of the heterostructures. In our calculation, the unit cell is in a tetragonal lattice with an in-plane lattice constant, a, and a vertical lattice constant, c. A supercell with the size of 1 × 1 × 6 unit cells is used to calculate the band structure of the heterostructure without any on-chip defects. In this case, approximately 1,800 plane waves are used to expand the electromagnetic (EM) field. The dispersion relation of the on-chip waveguide mode is calculated using a supercell with the size of 1 × 6 × 6 unit cells, where up to 9,500 plane waves are used. The Fourier transform of dielectric constant is calculated by fast Fourier transform (FFT) with resolution of 80 mesh points per a. We use the finite-difference time-domain (FDTD) [27] method to calculate the propagation of light inside the 3+1D circuits. A large FDTD computational domain with Mur's second-order absorbing boundary conditions (ABC) is used [28] . The spatial resolution of FDTD is 10 mesh points per a. In order to keep the resolution the same for the in-plane and vertical directions, we choose the vertical lattice constant c to be an integer multiple of 0.1a. Furthermore, the four-fold screw symmetry about the vertical axis of the 3D PBG structures considered in this paper suggests that c/4 should be an integer multiple of 0.1a. Here we consider only the cases where c=1.2a. We assume for all of the structures in this paper the dielectric constant of 11.9, corresponding to that of silicon at 1.5 μm [29] .
Design of vertical waveguides
A single-mode, high-bandwidth, air waveguide can be obtained by introducing an appropriate line defect in the 3D photonic crystal. While there have been specific designs for in-plane, single-mode, high-bandwidth, air waveguides in 2D photonic crystals [8] , 2D-3D photonic crystal heterostructures [18, 19] , and the woodpile 3D photonic crystal [9] , universal guidelines have not yet been elucidated for broadband 3D circuit paths in general photonic crystal structures. In this section, we demonstrate that simple and generally applicable guidelines exist even for complex 3D PBG architectures.
In general, the removal or addition of dielectric into photonic crystal structures creates defect modes inside the band gaps [30] . The design of functional defect modes is facilitated by careful examination of the electromagnetic field distributions of the perfect crystal near the proposed defects. For simplicity, we first consider the woodpile structure (depicted in Fig. 2(a) ). Figure  2 (b) shows the band structure of the woodpile using a tetragonal lattice (without defects) for the wave vectors along the z-direction. For the purpose of creating air waveguides, we only need to consider the bands below the PBG since only these bands are responsible for creation of any air defect modes inside the band gap. In Fig. 2(b) , there are two pairs of doubly degenerate bands below the PBG. Careful examination of electric field patterns of all the four bands reveals that the lower two bands roughly correspond to the EM modes with the electric field polarized along the y-and x-directions [31], respectively, with the envelope wave vector equal to the Bloch wave vector. The higher two bands are similar to the lower two bands, except that they possess higher wave vector (frequency) component equal to 2π/c. A simple analysis explains why all the four bands are degenerate at the Brillouin zone boundary (see Appendix for details). We show in Figs. 2(c), (d) the dominant (y-) component of the electric displacement field in the x-y plane at the center of the first layer and third layer, respectively, for the first band at the Bloch wave vector 0.25 [2π/c]. Beside that the electric field is polarized along and mainly confined inside the dielectric rods (y-direction), it is seen that the field amplitude is not uniform along the rods. The field is weak at positions that correspond to the centers of the rods in the adjacent layers (points A and C), and strong at positions in between (point B). We demonstrate that a vertical single-mode, high-bandwidth, air waveguide can be obtained by removing dielectric centered at the peak (point B). The removed part can extend to the nodes (points A and C). The removal should be done for both the first and third layers since the field resides in both layers and should be repeated for each unit cell along the vertical waveguide.
We show in Fig. 3 (a) a schematic for the air waveguide with removed parts along the ydirection of length 0.5a. In Fig. 3(b) , we show the corresponding waveguiding band structure. The waveguide mode spans a normalized frequency range of a/λ =0.380-0.417. This corresponds to a single-mode waveguiding bandwidth of ∼147 nm near the wavelength of 1.5 μm when a is ∼600 nm. Note that the dispersion curves of the waveguide mode consist of two bands, corresponding to their origins, the first and third bands of the periodic structure. The degeneracy at the Brillouin zone boundary is also conserved for this waveguide structure. Empirically, we find that the air waveguide mode created will have the same polarization as the original bands. In this case, the electric field is polarized along the y-direction. Similarly, by symmetry, removing dielectric from the second and fourth layers (consisting of rods parallel to the x-direction) creates a vertical waveguide with electric fields polarized along the x-direction.
3+1 dimensional micro-circuits of light
There are many ways to form a 3D circuit path by connecting two planar micro-circuit layers with the vertical waveguide. Available options include relative positions and directions between two waveguides in the lower and upper micro-circuit layers, distance between the lower and upper micro-circuit layers, positions of the vertical waveguide, and polarization of the vertical waveguide modes. Here, we apply a simple consideration on the polarization of guided modes to obtain high bandwidth transmission through three-dimensional circuit bends. In particular, we argue that in order to create efficient (non-reflecting) waveguide bends, the direction of either the electric or magnetic field is conserved as light traverses the bend. For example, waveguide bends connecting two TM (TE) waveguides are efficient because the direction of electric (magnetic) field vector is conserved. In this case, the electric (magnetic) field vector of the incoming waveguide is matched with that of the outgoing waveguide so that it can excite the outgoing field efficiently. However, waveguide bends connecting a TE waveguide to a TM waveguide exhibit poor transmission characteristics. In this case, neither the electric nor magnetic field vector is matched for the incoming and outgoing waveguide so that efficient energy transfer is not possible.
We now consider a 3D circuit path (see Fig. 1(a) ). Assume the incoming waveguide in the lower 2D micro-chip layer propagates light along the y-direction. Since the polarization of the 2D photonic crystal waveguide is predominantly TM-like (magnetic field is along the xdirection), the vertical waveguide requires a matching magnetic field along the x-direction. In this case, a vertical waveguide is created by removing parts of the dielectric rods along the ydirection. Similar consideration connecting the vertical waveguide to the outgoing waveguide in the upper 2D micro-chip layer requires that the outgoing waveguide in the upper 2D micro-chip layer is also along the y-direction. There are two interconnect options between the two microchip layers. The first option is a vertical U-turn circuit path, consisting of forward propagation of light on the lower 2D microchip waveguide followed by a 90
• turn upward along a vertical interconnect and then another 90 • turn backward on the upper micro-chip layer (forwardupward-backward). The second option is a forward-upward-forward circuit path. We illustrate the principles of 3D PBG circuit design for the 'U-turn' case. Similar considerations apply to the second option. More complex guiding options involving consecutive waveguide segments spanning all three spatial directions (see. Fig. 4) can be achieved by combining the U-turn bend with an in-plane bend.
Woodpile based 3+1D circuits
In the woodpile-based 2D-3D heterostructure shown in Fig. 1 , the bottom cladding section consists of four or more unit cells (in depth) of the woodpile 3D PBG materials. One layer of the woodpile structure contains parallel rectangular rods with width and height of 0.25a and 0.3a, respectively, where a is the distance between two adjacent rods in the same layer. As one unit cell of the woodpile contains four stacking layers, the periodicity in the stacking (vertical) direction is c=1.2a. The lowest planar micro-chip layer, sitting on the bottom cladding section, consists of a square lattice (lattice constant also equal to a) of square rods with the matching width of 0.25a. The thickness of each 2D PC layer is 0.6a. The lowest planar circuit layer is separated from the next planar circuit layer by at least 3 unit cells (in depth) of the woodpile structure (only 1.75 unit cells are shown in Fig. 1 ). The second planar circuit layer is stacked on top of the 3D PBG separator section and the same process can be repeated to intercalate as many planar microchips as desired. The separator sections and top cladding section are laterally aligned with the bottom cladding sections as follows: If the 2D micro-chip layers were removed and 3D PBG cladding sections were re-connected by vertical displacement, a bulk woodpile structure would be reconstituted. In the lowest 2D micro-chip layer, one rod is placed at each of the square lattice points defined by crossing points of the topmost woodpile layer of the bottom cladding section and the bottommost woodpile layer of the separator section. The lateral position for any other 2D PC layers is also defined in a similar way.
A waveguide in the lower planar micro-chip layer is created by removing a row of dielectric rods along the y-direction of the square lattice. The vertical waveguide, acting as an interconnect between the lower and upper planar micro-chip layers, is placed next to the end of the lower layer waveguide as shown in Fig. 1 . As discussed above, the vertical waveguide is created by removing parts from dielectric rods along the y-direction. 2 [21]), requires that the number of the woodpile layers in the separator section is equal to 4n + 3, where n is an integer. A U-turn in the separator section consists of climbing three out of four segments of the screw within a single unit cell. This imposes a 0.5a lateral shift in the upper air waveguide relative to the lower waveguide. Our design rule for the vertical interconnect consists of removing dielectric from the 3D PBG separator section within the boxes shown in yellow in Fig. 1 . Notice that the woodpile layers in the separator that are adjacent to the 2D micro-chip layers have parts of their dielectric rods removed to create the vertical waveguide. To eliminate cross-talk between the adjacent 2D micro-chip layers we use a separator section with thickness of 15 woodpile layers (or 3.75 unit cells).
We use the finite-difference time-domain method (FDTD) to calculate the transmission and reflection spectra of the U-turn optical interconnect. This vertical interconnect acts as a structurally symmetric Fabry-Perot cavity (with three resonant frequencies where the transmission reaches 100% as expected from mode coupling theory [32]) in the circuit path defined by the U-turn. The off-resonant transmission, however, is determined by the quality (Q) factor of the cavity and is low when the Q factor of the cavity is high. For a high Q factor vertical interconnect, consisting of dielectric removed only from the yellow boxes shown in Fig. 1 , the transmission drops to 30-55% at the off-resonant frequencies. In order to obtain uniformly high transmission around the U-turn, it is necessary to lower the Q factor of the vertical interconnect [32] . The key step to eliminate backscattering at the vertical waveguide bend is the removal of additional dielectric from the top and bottom woodpile cladding sections throughout the green boxes depicted in Fig. 1 . This extension of the vertical waveguide above and below the 2D micro-chip layers is a simple and effective mechanism for achieving large bandwidth chip-tochip interconnection in PBG materials. The final structure exhibits a high transmission for the U-turn over the frequency range a/λ ∼0.381-0.403 (corresponding to a bandwidth of ∼90 nm near 1.5 μm), as shown by solid lines in the inset of Fig. 4 . It is likely that further refinement [33, 34, 35] of the vertical elbow design would improve the transmission characteristics even further. Note that the upper limit of the waveguiding bandwidth of the U-turn circuit path shown Figure 4 shows the time-averaged field intensity for the circuit with both in-plane and vertical bends at the frequency a/λ =0.39.
While the woodpile structure lends itself very naturally to wave-guide and 3D-circuit design as described above, the same principles of design apply to much more complex 3D PBG architectures. In this regard, we further illustrate the generality of 3D PBG circuit design using the slanted pore and square spiral architectures. Remarkably the slanted pore architecture provides even better optical transmission characteristics than the woodpile.
Slanted pore 3D PBG based 3+1D circuits
As mentioned above, similar design rules can be applied to 2D-3D heterostructures based on other types of 3D PBG materials. Here we describe results for a 3+1D circuit using the Slanted Pore 3D PBG [21] based heterostructure. In particular, we consider the so-called SP 2 structure, where two slanted pores are drilled in each unit cell of the square lattice. The SP 2 crystals are defined by a tetragonal lattice with lattice constants c along the z axis and a along the x and y axes (see Fig. 5(a) ). One unit cell consists of two cylindrical pores of radius r aligned along the (0, 0, 0)-(a, a, c) and (0.5a, 0, 0)-(-0.5a, -a, c) directions. These two pores are displaced in the xdirection by 0.5a. The SP 2 structure used here has the structural parameters c=1.2a and r=0.28a and exhibits a complete PBG of ∼17% (depicted in Fig. 5(b) ). The dielectric volume fraction is roughly 34%. The lower 2D micro-chip layer is inserted at the plane z=1/8c, where the crosssection resembles a square lattice of dielectric islands in an air background (see the top surface 6 . Schematics of the unit cell of (a) the SP 2 PBG architecture and (b) the woodpile PBG structure. The vertical waveguide for each structure is created by removing parts of dielectric marked by yellow in each of (a) and (b). The zig-zag pattern of removed dielectric is a common feature of both waveguides.
of Fig. 5(b) ). This is common in a 2D-3D PBG heterostructure design [19] . One cylindrical rod is placed at each of the square lattice points, with one of them centered at (-0.25a, 0.5a, 1/8c) (corresponding to the center of one of the dielectric islands). The thickness of the 2D PC layer is 0.6a. The simplest way to visualize the 3D circuit architecture for the SP 2 is by noting the similarity between the unit cell of the SP 2 and that of the woodpile structure. Figures 6(a) , (b) depict the SP 2 unit cell as defined by the above coordinates and the corresponding woodpile unit cell, respectively. The vertical waveguide of the SP 2 is created by removing dielectric inside the rectangular boxes defined by (-0.5a, 0, 1/8c)-(0, 0.5a, 3/8c) and (0, 0, 5/8c)-(0.5a, 0.5a, 7/8c), as indicated by yellow. The corresponding vertical waveguide for the woodpile is also indicated by yellow in the woodpile unit cell for comparison. There is a noticeable correspondence between the two 3D PBG structures. The entire 3D circuit architecture can be obtained by substituting the SP 2 unit cells into the previously discussed woodpile 3D circuit. Figure 7 illustrates the final 3D circuit architecture for the SP 2 with three micro-chip layers.
We again consider the U-turn structure for the SP 2 based circuits. The transmission and reflection spectra for the U-turn over a distance of d=3.75c (equivalent to 15 woodpile layers) are shown in Fig. 8 (red lines) . A very high transmission of > 94% over a bandwidth of ∼100 nm is obtained. This implies that the Q factor for the vertical waveguide cavity is very small in this case. We also show the transmission and reflection spectra for d=7.75c (equivalent to 31 woodpile layers) in Fig. 8 (black lines) . It is seen that there are more peaks in the transmission spectrum, indicating existence of more resonant frequencies. Higher reflections at peaks reveal that the Q factors increase with the increasing thickness of the separator layer. Nevertheless, the Fig. 7 . Schematic of the 3+1D optical micro-chip using the SP 2 3D PBG architecture. The bottom, second, and third cladding sections of the micro-chip (consisting of the SP 2 3D PBG material) are separated to help visualize the 2D micro-chip layers. (The topmost cladding section is not shown). The vertical waveguide, connecting the bottom and the second micro-chip layers, is created by removing certain parts of dielectric rods along the y-direction marked by yellow and green (corresponding to the U-turn interconnect of the woodpile based 3+1D circuits shown in Fig. 1(a) ). The left surface showing the vertical waveguide (highlighted by black wire frame) corresponds to the cross-section y=0.5a (see Fig. 6(a) ).
high transmission of > 90% is maintained throughout the entire bandwidth. Finally, the blue lines in Fig. 8 indicate the transmission and reflection spectra for 90 • bends in the 2D PC layer, where again almost 100% transmission is obtained over the same bandwidth.
Square spiral 3D PBG based 3+1D circuits
Finally, we show a 3+1D circuit using the Square Spiral 3D PBG [24, 25, 36, 37 , 38] based heterostructure. Figure 9 (a) illustrates the architecture of the square spiral structure. The square spiral structure consists of square spiral posts in a tetragonal lattice, with lattice constant c along the z axis and a along the x and y axes. The building block of the crystal is made from a coil of pitch c with a single loop whose transverse cross section is a square with sides of length L. The pitch is the same as lattice constant in the z-direction, and the coil is wrapped around the z axis. Each segment of the coil is coated with a cylinder of radius r. Fig. 9(b) .
We define a coordinate system by centering one coil at the origin and assume that it is created by joining 5 points by 4 straight lines as follows Figure 10 (a) shows a unit cell of the square spiral that corresponds to that of the SP 2 and woodpile shown in Fig. 6 . The 3D circuit architecture for the inverse square spiral is shown in Fig. 11 . Again, the lower 2D micro-chip layer is inserted at the plane where the cross-section of the lower 3D PBG cladding section represents a square lattice of dielectric islands in an air background. In the case of the square spirals, this corresponds to the plane that cuts the spiral posts at the elbow or equivalently the plane z=0 (shown by the top surface of Fig. 9(b) ). One rod is placed at each of the square lattice points, with one of them centered at (0.25a, -0.25a, 0) (corresponding to the center of one of the dielectric islands). The radius and height of dielectric rods in the 2D micro-chip layers are 0.18a and 0.6a, respectively. The vertical waveguide of the square spiral is also created in the same way as previous structures, by removing dielectric inside the rectangular boxes defined by (0, 0.3a, 0)-(0.5a, 0.7a, 1/4c) and (0.5a, 0.3a, 1/2c)-(a, 0.7a, 3/4c), as indicated by yellow in Fig. 10(a) . Note that, unlike the woodpile, we choose the width of the vertical waveguide (along the ydirection) to be 0.4a instead of 0.5a since it gives better coupling between the in-plane and vertical waveguides. This vertical interconnect yields high transmission over a bandwidth of ∼95 nm for the U-turn in the square spiral based circuits, as shown in Fig. 10(b) . The distance of 3.75c between two micro-chip layers is assumed in the calculation. Note that the transmission of more than unity near a/λ =0.384 is an artifact of the computational method [8, 9, 19 ].
Discussion
We have demonstrated a simple and unified design for high-bandwidth, single-mode, lossless, optical micro-circuitry with fully three-dimensional circuit paths, broadly applicable in a variety of 3D PBG architectures. We have illustrated the design principles using woodpile, slanted pores, and square spiral 3D PBG materials. Single-mode waveguiding in air is obtained over a large bandwidth of up to 200 nm within planar micro-chip layers and 100 nm for chip-tochip interconnects. In particular, a 'U-turn' circuit path connecting two adjacent micro-chip layers is optimized to yield high transmission over the entire waveguiding bandwidth. We have suggested that the vertical U-turn and the in-plane (x-y) 90 • waveguide bend provide the building blocks for more complex 3D, non-planar, optical circuit paths. The 2D micro-chip circuit paths may contain coupling to micro-cavities, T-junctions, and cross-connects as shown earlier for idealized 2D photonic crystals [6] . High-bandwidth optical circuitry written into a 3D PBG microchip combined with novel active devices on-chip [39], may provide unprecedented compactness, information density, and processing speed for future optical communications and computing. In this regard, the design of optical isolators [40] for the 3D PBG micro-chip may be very important to prevent unwanted wave-interference effects between different devices placed along a long circuit path. The realization of these far-reaching goals requires careful and accurate materials fabrication methods. One such approach, using direct laser writing of PBG architectures [41, 42] in a polymer photoresist followed by replication with a high index semiconductor such as silicon [43] is already underway [44] .
Appendix: mode structure and degeneracy of 3D PBG cladding
In this Appendix, we provide a simple physical interpretation of the degeneracy of the four lowest bands of the 3D woodpile structure at the Z-point of the Brillouin zone boundary. The understanding of these electromagnetic mode field patterns plays an essential role in the design of the vertical wave-guide interconnect between planar micro-chip layers. First, consider the modes that are polarized along the y-direction at the Brillouin zone boundary. We refer to these as the first and the third bands. For the first band, the amplitude of the electric field at positions along the z-direction is qualitatively described in Fig. 12 , where the +, − signs represent positive and negative values, respectively. We denote the mode structure of the first band as + + − − + + −−. Note that the Bloch wave vector at the Z-point is π/c. In other words, the period of the EM wave in the first band at Z is 2c. For the third band, there exists an additional superimposed oscillation of wave vector 2π/c, corresponding to + − + − + − +−. Multiplying this to the field amplitude of the first band, we obtain the field amplitude for the third band as + − − + + − −+. This is precisely the field of the first band with a phase shift of π/2. Given symmetry between the first and the third layers of the woodpile structure, it follows Fig. 11 . Schematic of the 3+1D optical micro-chip using the inverse square spiral 3D PBG architecture. The bottom, second, and third cladding sections of the micro-chip (consisting of the inverse square spiral 3D PBG material) are separated to help visualize the 2D micro-chip layers. (The topmost cladding section is not shown). The vertical waveguide, connecting the bottom and the second micro-chip layers, is created by removing a zig-zag pattern of dielectric rods along the y-direction marked by yellow and green. This pattern of removed dielectric is the same as for the U-turn interconnects of the woodpile based 3+1D circuits shown in Fig. 1(a) and that of the SP 2 based 3+1D circuits shown in Fig. 7 . The left surface showing the vertical waveguide (highlighted with black wire frame) corresponds to the cross-section y=0.7a (see Fig. 10(a) ). that the first and third bands are degenerate at the Brillouin zone boundary. The degeneracy between the first and second bands is a direct consequence of the symmetry of the structure between the x-and y-directions. The second and fourth bands are related to each other by a π/2 phase shift as described above.
